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1, In Selmonis Higher Plane Curves (p, 213) quartics are 


classified as follows: 
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Where ™ represents the degree of the curve, d the number 
of double points (crunodes and acnodes), * the number of cusps, wz 
the degree of the reciprocal curve, 7 the number of double tangents 


« the number of inflexions and JY the deficiency, 


= 


2, The number of different forms which a curve of the fourt 
degree may assume is of course very great, and has never been — | 
pletely determined, ‘The forms of non=singular quartics, that is 


those belonging to. the first of the above groups have been stuc | 


circular quartics" by various vail thiévigd 16L baled It is the “i 


the present paper to investigate the forms of certain 


ing to group ITI, 


A - All reais 


Tes) 
i 


Two real and two imaginary 


{<2 


~ All imaginary, 

Rach of these three classes is capable of subdivision, 
Thus in Class A the four real intersections of the line at infinity 
with the curve may be 


1 - All distinct 


2 - Two distinct and two coincident 

3 Two coincident and the other two coincident, 
4 - Three coincident and one distinct 

5 = Four coincident 


The present paper has to do with only the first of these 


Sub-divisions of Class A, 


4, It will be convenient to take the node always at the in- 
tersection of the lines X=0 , Y=0 If then the ordinary rectan- 
gular system of coordinates be used the equations of all curves under 


consideration may be written 
i,t, + a, Ww, + Ay, = @ (4) 


a 


where w, represents a homogeneous function of x and y of the # 
degree and @, represents a real number, It is assumed that (1) 
has no linear nor quadratic factor, Hence (1) may be written in an 


expanded form thus: 
aa, fy — de RILG - Tr us/ly -Cg RI LY Se ue 


F Axl Y—fXIY S82) CY 82 x) 
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where, to satisfy the conditions that have been imposed, the %# 
must be all real end distinet while the B&B auel 7 may have any 
values real or imaginary (except that the must not be equal) consist- 


ent with the condition that w, and w, shat be real functions of ee 


and ¥ Of the numbers @, ‘cen neni y the only one that can 


vanish without destroying the nature of the curve, 


oe eM te 
er eee 


5, Every line GY =/oX through the origin intersects the 
curve (2) in two other points, These intersections may be real and 


different, real and coincident or imaginary, Hence the plane of the 


in which alternately the curve is real. and imaginary, The lines 


separating the real from the imaginary regions are vangents to the 
curve, It can easily be shown that the inaximum number of such vean- 
gents is six; and hence the maximuna number of the real and imag inar 
regions is three each, It is understood a that the portion of the 
plane on both sides of the origin fee between the same pair of 


tangents is one -region, If -in (2) 4 =x be substituted, we have — 


eT Ks a pe a | - 
+ Q4f pare fF2)¢ fa ee 4 3 | ae 
= As (oy oe a AS ee oO , i 
which will be represented briefly by 


Le —_ 


This equation will have equal roots if 

| | ae ee So C2 
wow (5) is a sextic in ei and hence cannot vanish for more than 
six velues of fe. The valves of w whieh are roots of (5) dete mi 
Lines, 4x which are tangent to the curve; hence the statement made 
epee is proved, Since (5) may have only four, two or no real ri 
it fbilows that the curve may lie in two real and two imaginary — 


regions, in one real and one imaginary region, or ‘the whole plan 


may form a real region, The curve can never be wile imagin 


hl cs Oita tea Sale 


laying off the values of as abeetiaz. and the values of the —— 


as ordinates, Jt then appears at a glance for what values of pe 
belo 
( ae 2 <0,=0 oO. The ficurve en+he-next-—peee shows the general 


appéarance of these sextics wneh the values of pp ice ez 
are all real and @, a.fa, have like signs, The curve AM rep- 


4 
resents pee aul CD) represents PEs O 


If @,aud 4; have unlike signs the curve CD extends 
to infinity below the horizontal axis instead of above, The moat ie 
cations that occur when the values of yi are imaginary, and whex any 
of the values of ie are coincident, or when two of them are er 
are obvious, In the case of any given curve nothing more then & 
very rough construction of these sextics is required, their onde 
being merely to show (1) into how many real and imeginary recions 
the plane of the curve is divided, and (2) what are the positions o 


the tangents dividing these regions with respect to the six v 


of w indicated by %,, “1, %s, %+ pr aud By 


In what follows these six values will be called the critical ; 


of 0. It will be shown that the classification of the 


can be made to depend upon the arrangement of these six c | 


oe velues in the real regions, 
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and to explain the notation that will be employed, The inversect ions 
of the curves, P, @, K aud S of course correspond to walues of | 
PY thet divide the real from the imaginary regions, It is evident 
then that the number of critical values of ~# lying in any real 
region must be always even, Again the number of intersections of 

the curves lying between any pair of critical values of ~ must be 
@lweys even, In case this number is four or six the sextics will 


have a form represented respectively by Figs, 2 and 3, 


aA, nf x Key 


The facts that are shown by the two sextics in Fig, as 


can be represented just as well by the following symbol; 
SPO Ae ey eg Ke As t Ae Pipe Key J+ BF 
‘This will be understood to mean that when Je starts at -—- eo the 
line 4Y=0X intersects the quartic in real points; as increases. 


and oy = eX revolves around, it becomes, when f= x, 


parallel to the asymptote having this slope,and when w= 7, it 
becomes a tangent to one of the branches through the origin, Afte 
je pesses the value Va » Y=wx becomes a@ tangent to the curve and 
then passes into an imaginary region, Emerging from this imag 
region it becomes parallel in succession to the two asymptotes \ 
slopes are %. aud «,, after which it passes through tangent 7 
another imaginary region, Coming out of this imaginary regioz : 
becomes tangent to the other branch through the — si 


It should be remarked that if co occurs as one of the values of 4 
ters of? r =o end its corresponding sextic will degrade to 

a quintic, but. this in no way interferes with the deductions that 

have been drawn or with those that follow, If one or more of the g 
values of XK aud 3 coincide the corresponding asymptotes will 
pass through the origin and they will then form dividing lines be- | 
tween real and imag inary regions, If a value er a be equal to seecese 
of the values of B the branch tangent to Y= 2 a will be 

inflected at the origin, These facts are sufficiently evident, | 

but if proof be required it may be had by making the substitutions 

in (3), Thus if we themmake 4, equal to , and then substitute 
x. for fe the coefficients of x and x will both vanish, showing 

that the line y=a,xX intersects the curve in two points at infinity : 
and is therefore an asymptote, In the same manner if A; be made = 
equal oo. and we then BONES Te for Lo the roots of (3) are 

both © showing that all four intersections of ti ge= with 

the curve are at the origin, Since this line has simple intersection 
with one of the branches of the curve at the origin it must have three 
points in common with the other branch, That is it is tangent at a 


Z 
point of infexion, 


a. The different branches that, it will appear, can form p 
of quartics belonging to the class under discussion will be design 
as follows; An infinite branch lying along different asymptotes 


whether it be inflected or not, will be called an hyperbola; 


such a curve with a loop, and therefore containing the dounae a 


at the origin, will be called a looped hyperbola; an infinite 


oe 


lying along one asymptote will be called @ serpentim; an 


_ shaped branch will be called a double loo ; and any simpl 


- a 


be called an oval, So a eee 
| , bBo ee 


es 


of mw in the real regions, We shall consider first all the curves 


in which the values of 7 are real, and afterwards those in which 
the values 7 are imaginary, When no critical value of w falls 


in a given real region we have the symbol 
From Figs, 2 and 3.it appears that throughout such a region apr is 
positive, Hence the tintersections of 9 zee with the quartic, which 


are given by 


4 pr — (5) 
fe 
Suth ay 


will both have the same sign, that of — -. Since in see=seme region 


af 


Baither 7. 7 nor 7 can vanish, X is never O° nor &. at @, and FA 


ee Le 


the values of X coincide and the line 4 =x is a tangent, The 


only form of curve that will fulfill these conditions is an oval, 


1/3 te ee er Agra 


lying on one side of the origin, Moreover an oval cannot exist 
unless they are fulfilled, so that the condition is both necessary 
and sufficient, 

(Note, [In case w passes through eo in the region consid= 
ered the values of X will vanish simultaneously and change sign, but 
the further conclusion drawn above will still obtain; for by xine 
revolving the axés through a sufficient angle the values of yo in th 
region can be made all finite without shifting the origin with re- 


spect to the curve,) 


by the symbols; 


a as | a. 4 sf r 


a ta = ae ao, Ay a. 
Se OE AE ace 


region represented by (¢«/ \ 


origin, Moreover the branch in this region must lie @long the 
asymptote whose slope is % since it cannot pass off to any other 


asymptote without passing through an imaginary region, Hence the 


branch is a serpentine, It remains to show that these conditions 
are einuuery to the existence of a serpentine as well as sufficient, 
A value atk must 11e in- any region containing a serpent ine since 
the branch extends to infinity, A value OF y Tee lie in the same 
region $ince every serpentine must pass through the origin; for pS 
WE &ttempt to draw 3 serpentine that does not pass through the origin 
‘it will be found that the other asymptoves cannot be all used without 
intersecting the serpentine by av least one other branch of the 
curve and thus introducing a double point: other than the one at the 
origin, To every serpentine through the origin it is possible to 
draw tangents whose slopes are related to « ane és are the values 

t and Zy in (¢/ Hence vhe conditions given are necessary, 

| The arrangement represented by.tec dpa a frre of 


opposite hyperbolas, because: (1),one value of x becomes co when 


jw=%, and again when w-4.(2), Acither branch can pass off to another - 
asymptote without passing through an imag inary region; (5), neither 
branch can pass through the origin because no value es in 
the region; (4),we have already seen that serpentines cannot exist 
Without passing through the origin, Jt readily appears Anat this 
condition is necessary for the existence of he eee of opposite 
hyperbolas as well as sufficient, 

The arrangement represented by (cv/is the necessary and 


sufficient condition for the ex:stence of a double loop, For the 


curve plainly cannot pass to infinity, eines cannot vanish, while — 


‘ 
. 


it passes through the origin twice at the inclinations pro y 


‘ “4 
ws 
ee 


No slteration is made in these deductions if in any of these three 
<a 


cases X or Va coincides with the adjacent value of : 


11, The next cases to take up are those in which four crit 


values of w lie in the same real region, We can write the following 


seven essentially different arrangements, 


aes, | 
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The second and third arrangements, however, give the same 
form of curve, and the same is true of the last four, In view of 
the fact that (v/) must occur in any given curve in connection with 


(cv) it must give only infinite branches that do not pass through 


the origin, Hence it will always give four hyperbolas, which of 
course do not intersect and which are not arranged in opposite pairs, 
The arrangement (ve) always occurs in combination with (¢¢ 
wence one of the branches represent by (vc) must pass through the 
origin, and, since it cannot be a serpentine it must be an hyperbola 
The other two branches must of course be hyperbolas, Hence (vc) ives 


always three hyperbolas, one of which passes through the origin, - 


Since both values of 7 lie in the real region represented by (véc/ 
the double point at the origin must lie upon the branches given by 
this combination, In view of what has gone before “these branches 
must be either two intersecting hyperbolas or a looped hyperbola 
with a simple hyperbola, But two intersecting hyperbolas are im- 
possible for if two such curves confined to the same pair of — 
asymptotes, as these ere, intersect once they must intersect again 


and we should have two double points, Hence (v¢cc) gives always one 


. 4 
simple hyperbola and a looped hyperbola, 


10 


12, When all six critical values of w lie in the same real 
region there will be a number of possible arrangements of the wand 


Vial but it is needless to specify them all, An example of such 


an arrangement is 


ung 7 x, oa Oa Pe as Ae eo esray. 


From the absence of the conditions necessary for all the other forms 


Cuvece? 


the only two that are possible here are either four simple hyperbolas 
or three simple hyperbolas and a looped hyperbola, A further remark 


upon this case will be made in 3/¢ 


12, . Wnen ail the inverse ct ions of the iine _Y = YX with the 
curve are real the symbol will be 
| ee re a ey J + co (ex? 
oY 8&8 Similar arrangement with a different permutation of the WA anh y%g, 
In this case too all that can be said at present is that it will 
give either four simple hyperbolas, or three simple hyperbolas and ai 


looped hyperbola, 


14, It would now be proper to investigate the conditions under 
which (vccc) and (¢x) will give looped hyperbolas, Want of time has 
prevented me from doing this, except in part, Enough of the investi- 
gation is given below in this section to answer the immediate purpose 
of this paper, that is to determine the possible forms of curves . 
belonging to the class in question, Should opportunity be given 
to complete the theory it will be added in the form of an appendix, 

In this paragraph when it is stated that 4 cnengen from 
pit 4o Pe it is always understood that during the wheal change 


the intersections of 4 =x with the curve are real, 


lst, Let no value of xX we fp lie between p mel a . 


then of the two quantities; 
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one (Sa, X,/ is zero when Ve (for then 2 = 0 / 
and when wu = / = (for the same reason), and is finite and contin- 


uous between these limits, Hence it must describe a loop, 


-Iig. 
of 4f- 


2nd, Let one or more values of w lie cgi fa = act Fee 
In this ce will change sign at each value of « as ww 
changes from - fo Va but it is plain that one of the 
values of %X (Sag - will still fulfill the conditions stated 
above, and hence a loop will be formed, | 
Srd, Let avvalue of 4 lie between 7, and 7, then when 
fo? ,one value of x (say X,) will vanish while for ad = 7+, Since 
y/ has chaénged sign, X, will be zero and 7, will be finite, The 


figure is shown below; 


Peg ae 
7 


Now if, after passine the value prs comeS next to @ 
value of ®% lying in the sare real region x,. will continue increasing 
and go off to infinity and there will be no loop; but if, after 
pessing 725 0 approaches a@ value that mekes y-=<0X @ tancent the 


two values x,au4%x, will coalesce and form a loop, as in Fig, 6, 


sn } 
Hence we may conclude that if in any real region that 


contains both values of jp no values of 4 is found then a loop | 
will be formed, or if one value of B (but no value of x ) has . 


he ag tay maeaitian. wit ané@ ar hath weliae at «+ fra adtiansant +2 meee 


PE Fe PE Ne EE IIT Le Ce PY AMP RITE eR aE ee 
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régions the same form will result, If, however, one value of In 
lies between the Pe and the letter are neither adjacent to imeginary 
regions there will be no loop, If two values of 4 lie between the 
pA tne result is the same as when no value of 4 has such & 
position, for by the time w reaches the value TD a7 has again the 
same sign that it had WOR 12 Pe In the same way three values of 


b have the same effect as one, 


15, An enumeration can now be made of the possible forms of 
curves in which the node is the intersection of resl branches, This 
is done by making every possible consistent combination of whe 
Symbols given in 3§ 9 —/3. The result is given below in a table, 


The following abbreviations are used, 


| f= hyperbola S,- serpentine 
o.4.= opposite hyperbolas Al.- A@ouble loop 
f.f.= looped hyperbola : O;: oval, 
| Ja ttle. Z 

hk. oa - A. S, Le 2 oe SyclrG 
Q , 2 3 (46) , (CC) auck Cce'e) 
Zz 2 / (Lb6e), (ecty auk Cv) 
4 “ / (CV) wakes 
a Lf / / (CU), lu) auk ley 

3 / (ce) wud (ve') 

e / y, (ce), (ve) and Le) 


(O00) aud (vic) 
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K “of / (vee) fer Ce) 
a 3 / (vice) ov C8X) 
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It will be noticed that the combination (vie), Ce) aah ley 
giving 4 hyperbolas and 2 ovals is omitted, But it must be remembered 
that for (vicc) to give four hyperbolas a value of must lie in a 4 
real region between the two values of 7. But when two ovals exist 
all three values of 4 must lie beauees two critical values of w 
dividing that space into three imaginary and two real regions, 
Hence in this comb ination (vcu'/ must always give a looped 
hyperbola, - a , - 3 Re a 
| Examples of each of these forms are given in the accompany- . 


ing diagrams, ‘See $. AQ, 
16, So far no account has been taken of the condition: @,=o0 
If this condition is satisfied equation (3) becomes: 
4 4s (wy, ie fed = 0 


or 


a. 


feu — 
a, (yo, Yue 4 es ad (/o) 


From (lo ) it appears that the quantity under the radical 
changes Sign every time w passes through a critical value; hence 
the asymptotes (als .of which pass through the node) and the tangents 
at the node are the lines that divide the plane of the curve into real 
and imaginary regions, | 


The only different symbols possible are the following 
ae + : -. SP apar ree 
ee iy: © ee BS ei ai salon 


Oe Te Re a 
shia 2y fa eee Aad ae X ug “a see, 


ni 


The curves there fore belong respectively to forms i, and 4 Table I, 3 a 
They will be under the present conditions symmetrical about the ese 


origin, 


: Rie Consideration of she case where 2, and pe are imaginary. © 
The equation of the curve may be written in the form: : 
MEG ALKAL YG ar KIL Y — as MY hg XD ae : | ites s 
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where - +s 2 ie ix hes no real sea factor, 


The equation in xX aid i is 


re (pox Hype tedipe see tae) X*- 


t PA yay fornpo fs) x 
+as Ge a So 4) =o. G2) 


As before vet ine (12).-in the form | | i - 
Felt Zoe r=0o 3 | i : 
the values of X will be equal if | 


Z ee +P -~ =O 
and the conditions governing the separation of the plane into real 


and imaginary regions are unaltered under the present hypothesis, 


ne eae 


can have now, however, but four intersections with the horizontal 


The sextic parabola 


axis and the figures will be somewhat as follows: 
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Hence we have: 


2 pairs of opp, hyperbolas and acnode 


O 

Us " * . 1 oval and acnode 

vi 4 hyperbolas and acnode | | 

ao A o 1 oval and acnode a | — 
S “ ° 2 ovals and acnode, 3 


Examples of these forms are also given, ee: a 


cee as A =o, x is determined by 


4| ag than oda Ay) 


From this it appears that the plane is divided into four regions, 


two real and two imaginery, The symbol for this case is 


at ee ee 
pei ae Ky, Hz 2 BF Ws, Xy poe Le 


and the curve therefore consists of two pairs of opposite hyperbol: 


and the acnode, It therefore belongs under species (0), 


19, It thus appears that there are eighteen different forms 


of quartics having four real and distinct asymptotes and one 


point real or imaginary, 


‘The following eighteen hleiiaae ae 


deste illustrating the different forms, 
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In addition to the conditions onversiag the: «: 


re ee 


at infinity--contact at points of infexion or undarlation--is 
served for future consdierat ion, | os 
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